Towards a Foundational Principle for Quantum Mechanics

The wind is not moving, the flag is not moving.
Mind is moving.”

Terence J. Nelson

A simple foundational principle for quantum mechanics is proposed leading naturally to
a complex probability density expressed as a sum of path integrals. The action is then
derived in its relativistically-invariant form with the Lagrangian following from the
principle instead of being imposed as an extra hypothesis. However, the sum is restricted
to physical paths on which the particle has real vector momentum. This restriction
evidently conflicts with the usual derivation of Schroedinger's equation and from it
conservation of energy and probability as defined by Born. To see if the restricted path
integral sum leads to sensible predictions, the double-slit experiment is analyzed using a
single-quantum transfer approximation. The result is found to be in general agreement
with experiment provided we add a natural measurement hypothesis. However, the
energy of the particle is not necessarily conserved.. The maximum change in energy is a
loss that is proportional to the square of Planck's constant when expressed in terms of the
slit geometry and the mass of the particle. This bounding energy change is largest for
light particles at low energy and might be observable with electrons at around 10 eV.

Introduction

When I first heard about Heisenberg's uncertainty principle, I naively supposed that the statistical
nature of the predictions of quantum mechanics would emerge from the unpredictability of
individual exchanges of quanta between fields and material particles. However, the development
didn't take this path. What ensued was best characterized by Richard Feynman when he said [1]
"we cannot make the mystery go away ... we will just tell you how it works."

After thinking about it for a long time, I may have found a simple way forward along the path I
had originally anticipated. The first part of the foundational principal (notably missing from
conventional quantum theory [2]) that I want to propose is:

a) Particles and fields interact discretely through quantized exchanges of
momentum that occur at predictable rates but at unpredictable times.

I should add that I think this is obvious because one could only discover the timing of a
first exchange with additional interactions that would compound the situation.

1. Building on the Foundation

The force acting on a particle is the negative of the gradient of the potential energy. When the
potential, say V(x), is expressed as a Fourier integral, the integrand differs from that of the
potential by a factor of —ik,
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On the other hand, %k is the momentum per quanta exchanged with the field. What is left,
formally at least, should be the rate of exchange of such quanta in &°k, and integrating this rate
over k-space therefore suggests that the total rate of exchange at all wave vectors is —i(1/z) V(x).
Formally applying Poisson statistics and exponentiating the negative of the expected number of
exchanges in a time df then gives a "probability"

p = ei(l/h)V(x)dt

a

that no exchange between a particle at x and the field occurs in time dz. (The subscript just
indicates that we are not done defining the total probability yet.)

Now, we still need a term that represents the effects of inertia. If the potential energy is a
measure of the average rate at which quanta are exchanged with the field, the mechanical energy
could be similarly related to interactions with whatever it is that gives particles their mass and
inertia. Adding the total mechanical energy T to the potential V" gives:

P = ei(l/h)(V(x)+T(p))dt
b

for the probability of no exchange in time d¢. Here p is the momentum of the particle and 7(p) is
the total (kinetic + rest) mechanical energy. Now consider a particle starting from location x, at
time #, with momentum p,. The probability density for finding it still on its initial trajectory at
some later time ¢, will be:

1
i/m) [dr (v (<7 (py) .
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because multiplying the probabilities for each increment of time results in adding the differential
terms in the exponent. They add up to the path integral of the sum of the potential and
mechanical energies. Of course the initial momentum and position can’t be known
simultaneously because instruments that might be used to determine them are also unpredictable
at the quantum level. Nevertheless, the classical metaphysical principle that a particle has a
unique position and momentum is not necessarily abandoned. Owing to our unavoidable
ignorance, we will just have to average over position or momentum or some combination thereof
in a practical situation.

Continuing with the formal application of Poisson statistics suggests that the differential
probability of exchange of a quantum with wave vector k; in d*k, during a time dt, is

d4})d — —l(l / h)dl,laﬂle(kl)eikl-x|+i(1/h)(V(x])+T(pl))dt]

After picking up momentum 7k, the particle will be on a new trajectory until the next quantum
is exchanged. The amplitude for arriving at some final position x at time ¢ can be expressed as

2



an integral along the initial trajectory of a product of three terms. The first term is the
probability for not interacting along the initial leg, which is given by P, if we say the first
quantum is exchanged at #;. The second term is the amplitude for the first exchange, which
modifies the trajectory the particle will follow to the second exchange:

P, =p, thk,
X, =x+(, 1)

The third term is the amplitude for arriving at the final position x at time ¢ with starting position
shifted to x, and #,. This reasoning suggests an integral equation

p(xat;xoat()’vo)

t 1
i(l/h)fdt'(V(x')+T(po ) t i(UR) [ de'(V (x")+T(py)) ‘
—e © 5 (x—x,—vy(t—1,)—i(1/ h) j die Id3le(k1)e’k"x‘ p(x,t:x,,8,v,)
f

X, =x,+v,(t-1)

where it should be noted that @*kV(k) has the dimensions of energy, and the effective integration
over the space-time coordinates is restricted by relativistic causality. In other words, the
intervals between x,f and x,,¢; and between x,,#; and x,,f, must be time-like.

We can rewrite the phase factor that comes from the Fourier transform accurately as:
ik -x, =@/ h)(p,—p,) X,
1
:(i/h)jdp'.x
0

because the increment in momentum is concentrated at the end of the interval where x’ =x;. This
term combines with the path integral of the energy to produce a factor of the form:

1
i(l/h)fdt'(V(x')+T(p'))+dp'-x'

A=e °

which appears to be closely related to the Feynman path integral [3]. In fact, if we integrate the
third term in the integrand by parts once, we find

1
i(l/h)Idt(V(x’)+T(17')*l7""')
A= ei(l/h)(.ﬂl‘xlfpo‘xo)e 0

1
i(l/h)_[dz'L(x',p')
— ei(l/h)(Pl‘xlfpo‘xo)e 0

contains Feynman’s path integral of the Lagrangian L(x, p) multiplied by
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Now, the velocity between ¢, and ¢, is v, and %k,=p;-p,, SO we can rearrange terms to express the
equation in a potentially simpler form:

i(1/h) py-x . —
e ’ Op(xataxoaloavo)_

t 1
i(l/h)fdt'(V(X’)+T(p<;))+i(1/h)po~x() t f(l/h)jdz'L(x',p') _
e ° 53(x_x0 _vo(t_to))_i(l/h)Idt1e ’ _[dBle(kJel(l/h)pI'XIp(xa t,x,,t,v)
fo

X, =x,+v,(t, 1)), p, =P, + 1k, x=x,+v (1—1)

This can be viewed as an integral equation for the probability density for the particle to arrive at
x and ¢ multiplied by a phase factor associated with the (hypothetical) initial momentum and
position. We are left with the path integral of the Lagrangian and the Fourier transform of the
potential to deal with in actual calculations.

As in Feynman’s formulation, contributions from nearby paths should add in phase when the
Lagrangian is close to an extremum and otherwise cancel. However, only physical paths are
generated by considering quantized transfers of momentum. Feynman's formulation includes all
paths in coordinate space along which time does not regress. This means that the particle is
required to move faster than the speed of light on some of these paths. On the other hand, the
expression for the Lagrangian that results from our hypotheses

L=V(x)+T(p)—p-v

while correct classically, because p-v is equal to twice the kinetic energy, also gives the correct
equations of motion when the energy and momentum are corrected according to the special
theory of relativity. In fact, the integral of the Lagrangian appears in its Lorentz invariant form

(T(p)+V(x)—p-v)dt =p#dx“

It may be that the inclusion of unphysical paths in Feynman's formulation, seeing that it is then
compatible with Schroedinger's equation, is just a very convenient approximation. For example
in solving the double-slit experiment, it is easier to use solutions of Schroedinger's equation than
to compute the path integral explicitly. However, matching up solutions of Schroedinger's
equation in different regions forces the energy with which the particle reaches the screen to be
exactly the same as it had approaching the barrier. It seems that exact conservation of energy
ultimately follows from the inclusion of unphysical paths in the path-integral formulation, and
calculating the amplitude as a sum restricted to physical paths could give a slightly different
answer.

At least one more hypothesis is necessary in order to be able to predict the results of
measurements. Since our complex probability density is related to Feynman's path integral,
minus the unphysical paths, the simplest choice is to proceed as in standard quantum mechanics.
That, is the measurement probability density should be proportional to the square of our complex
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probability density. However, the integral of this density over the spatial coordinates might not
be constant in time if Schroedinger's equation is not satisfied. Therefore it seems to be necessary
to consider transient rather than steady-state events and integrate over time to get the
measurement density:

b.) The probability density of a measurement is proportional to the integral
over time of the square of the absolute magnitude of the complex probability
density for the system being measured to arrive at the point of the
measurement.

This procedure seems to be reasonable provided we consider events that are isolated in time or
sufficiently infrequent so that interference effects between successive particles in the recording
media become negligible. This, in turn, may impose an experimental upper limit on the time-
scale for isolated events in practical situations.

Since we have already derived the Lagrangian, we can say that the classical equations of motion
follow from our quantum hypothesis even if it departs in some respects from the predictions of
conventional quantum mechanics. That there is some departure seems clear from the fact we do
not include unphysical paths and do not expect Schroedinger's equation to hold exactly.

To clarify whether or not our quantum principle can agree with experiment, it seems appropriate
next to investigate the familiar double-slit experiment.

2. Quantum Mystery — Diffraction by Slits

Feynman used the double-slit experiment as an example and discussed it in great detail because,
he said, "it contains the only mystery." The “only” mystery, of course, is that particles appear to
behave like waves in this experiment. This wave-like behavior appears as interference fringes in
the distribution of particles that pass through the slits vs. the angle between the incoming and
outgoing momentum of the particles. Feynman used the double-slit experiment as a pedagogical
tool. Since the time of his lectures, the expected interference behavior has been confirmed
directly in elegant experiments [4].

Exact solutions to the equation developed above are not known yet. When the path leads to a
collision with the screen, the expansion may converge slowly, if at all, but the result must be
small if x is on the other side of the screen from x,. When there is no collision, we may be able
to consider only the lowest-order terms. The complex probability density that a particle on a
trajectory passing through x,, 7, will arrive at x,# in this approximation is

pl(x’t; xO)tOQvO)
fmax (XO ,S)

=—i(l/m)Y, [ de™ O ([ d, iy di 1 ()& PPN OIS (- x — (1-1,))

S U min (XOJS)
x, =x,+v,(t,—1,), p, = p, + 1k, x = x,+v, (1, - 1,)
provided x is not on the original path. For each slit s, the target position x is visible from the
position of the particle between the limits in the integration over .
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The integration over ¢, includes times when the particle can scatter before passing through one of
the slits on its way to the observation point x. That is, the lower limit ¢,,,;, is generally less than
to. The upper limit occurs when the target is no longer visible from the position of the particle.
The window does not close, however, if the initial trajectory passes through one of the slits. In
that case the upper limit is determined by relativistic causality instead.

For simplicity, let’s assume the particle initially approaches the plane of the slits along the
normal and call this direction the z-axis. The potential is actually independent of position along
the axis parallel to the slits, which we’ll call the y-axis. The dependence of the Fourier transform
of the potential on the corresponding component of the wave vector will therefore be
concentrated into a delta function at k;,=0. Thus the outgoing momentum will remain in the
original plane perpendicular to the direction of the slits. Under these assumptions, the first-order
term above simplifies to

Pi(x,15x,80,v,)
T max (X05) ) ) )
=—i(U/mYy, [ a0 ([ dk, dkV (K, )e TR O S (x - x v, (E-1,))
S fimin (X055)

D, = p, +hk
k, =0

Because of the delta functions, it is convenient to convert the double integration over dk;,dk;,
into equivalent integrations over dv..dv;.. The Jacobian for this change of variables is

ok,. Ok,
Ok, k)| |V, OV,
‘a(le’vlz) - Ok, Ok,
ov,. Ov,
1-v./¢c? vv./c
A=v' /)" A=vi/c*y”?
N v /e 1-v /¢c?
(=2 /c*y"? A=vi/c?)?
m

TRV /Y

The delta functions take care of the integrations leaving
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P, = P, + Tk,

x=x+v(-t)

where the upper limit of the integration over ¢, can be set by relativistic causality. This will be
the case if the initial trajectory passes through one of the openings.

Let’s also assume the plane from which the slits has been cut is very thin and the z-dependence
of the potential contains a delta function at z,=0. Then the Fourier transform of the potential is
actually independent of 4, so the probability density can be written

pl(x)t;x())t()avo)
llmax(xo,tﬂs)
- — vk,
=—i(m/ 27k’ dt,e’ VM a=h) Ix
( )z ,[ 1 (t_tl)Z(l_VIZ /C2)2

S fimin (¥051,5)

ei(l/h)([’l’l’o)'xl ei(l/h)rl(’_tl)é‘(y _ yo)
P =P+ Tk,

x=x+v(-t)

2.1 Equation for Stationary Phase

Next, we anticipate that contributions to the integral will be small except when the phase of the
integrand is stationary. The easiest way to see when that happens is to note that

X, =x,+v,(f,—1,)

This allows the phase in the integrand (in units of /) to be expressed in the particularly simple
form

h¢=T0(t1 _to)+(p1 _po)'(xo +vo(t1 _to))"'Tl(t_tl)
=(Ly+ Py vo)t, —1)+ (P, — Py) - (X, + v, (¢, —1,)) + (L, + p, - v (1)
=L,(t=t)—p,- X, +p,-x+(L —L)(t—-1)

This phase is stationary with respect to the time of the interaction when

p49 P 1)+ i)
dt, dt, dt,

=0

The derivative of the Lagrangian is given by
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and the derivative of the momentum is related to the velocity and its rate of change by

@=%ﬂ+ mvli(l—vl2 /cz)_l/2
dt, ¢ dt dt,

T, dv, n dv,
=t o T
cdt, c'(I-v /c) dt,

The condition for stationary phase can therefore be written

T ay, Ui dv, L, .
Ly Ny .1y | x+(L,—L)-—v -—L(t-1)=0
£c2 dy, A-vi/H ay ) o=l =z dtl( )

T, dv, 1 (vl ]vl
—— | x —v({t-t)+——| 4 x|+ [+(L,-L)=0
¢’ dt, [ (=) (1-v'/eH\ e c (Lo—L)

The velocity v, after the interaction can be conveniently written as

X—XO
Vix =————
(t—1t1)
W _z—zo—vo(t —tp)
L=
(t—t1)
vl:x—(x0+vo(t—f0))+vo(t—t1)
(t—t1)
_x—(x0+v0(t—t0))
= +v0
(t—t1)
=2 4
-1 0

where we have introduced the vector a pointing to the final position x from the position x,+v(z-
ty), which is where the particle would be at time ¢ if it continued on its original course without
interacting. (See Figure 1. for the relations between these vectors.) In turn, the rate of change of
the components of v, are straightforwardly calculated to be
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a
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Thus the rate of change of v, with respect to ¢, is constant in direction a, but it diverges in
magnitude as ¢, approaches . We can use this to rewrite the condition for the phase to be

stationary as
(c(t-1,)) (A=-vi/cH\ e ¢ T

If the interaction occurs very late, v, can become appreciable compared to the speed of light c.
Otherwise, c(#-t,) will be large compared to other quantities in the equation with the dimensions
of length. This means that the first term of the equation will be small, and the solution will be
found near Ly=L,. There will be a solution (for fixed ¢) because the second term starts out
negative (if we include times ¢, before ), passes through zero when energy is conserved exactly,
and then becomes positive for later values of ¢,.

The condition for stationary phase can be rewritten as

2 1/2 2 1/2 b 1
A B B e e E: ”Kt—aﬂﬁ(i'xji
c c c” (c(t-1)) (I-v;/c)\c c

Squaring this, and simplifying somewhat, leads to

Vi v _, A xtE 1 a_ x+e ’
& ct—t) ct—t) (A=-vi/c*)\c(t-1) ct-t)

a v, Voj a X, t¢ 1 ( a (x,+¢) Jz
L+ =2 . + .
ct-t) \c ¢ ct—t) ct-t) (A=vi/cH)\c(t-t) c(t-t)
a_ (Vi Yo ., x,te 1 (x,+€) a  (xte) || _
cit-t) ¢ ¢ ct=t) (A=vi/c*)ct—t)|clt—-t) c(t-t)
a_ |, bt+s 1 X, t¢ a  xte || 0
ct—1) \“et—1) (A= /) e(t—t)| ct—t) ct—t)]|)

where we introduce the definitions
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b:%(v1+v0)(t—ll)+x1

a
=x,+v,(t—t)+—
2
a
=x0+v0(t—t0)+5

for the vectors b, which is another vector that is constant in direction, and & which is small
compared to b in the non-relativistic limit. Provided #-¢ is not infinite, the stationary-phase
condition becomes equivalent to

2a-(b+g): 1 [a'(xl‘l'g)]

1-v /e e(t-t)

The right-hand side is always positive, but it will remain very small as long as c(z-,) is large.
Consequently @ must be nearly orthogonal to b+&. Even if |a| becomes very small, a will still
have to be nearly orthogonal to b+¢ because the right-hand side scales like |a|*. If, to form the
non-relativistic limit, we neglect both a-& and the right-hand side altogether, we will have

2a-b=(x—x, —vo(t—to))-(x0 +v0(t—t0)+%aj
=(x—x,—v (1 =1,))-(x+x,+v,(t—1,))
:|x|2 —|x0 +v0(t—t0)|2 =0

At this level of approximation, the phase is stationary at a particular value of 7 and is independent
of #;. This suggests that the path integral of the Lagrangian may not always vary as rapidly from
its stationary value as is usually assumed.

2.2 Solution Assuming Energy is Conserved Exactly

To get a better approximation, it will be necessary to handle certain small quantities delicately.
Anticipating that energy will be at least approximately conserved, we first note that
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2 2
v, a v,
2 +
c (c(t—tl) cj

B a-(a+2vy(1—1)) . v

(c(t—1)) ¢’
_ 2a-(b—x,) . Ve

0

(ct-1)) ¢

This shows that square of the velocity, and hence the energy, will be changed very little by the
interaction, provided c(#-t,) is large compared to any of the quantities in the problem with the
dimension of length. We can also see that energy would be conserved exactly if a were
orthogonal to the vector b-x;, which gives a value of ¢-f,

a'(b_xo)

a-v,

L=ty =

This is equivalent to

t—ty=t—t,—(t, = 1)

a-(b—x
=l‘—t0—M
a-v,
2a-v,

which provides one relation between the remaining two free parameters ¢ and ¢,.

Now, if a@-b is equal to a-x;, then it follows that a-(b+¢) is equal to a-(x;+¢). Using this in the
equation for stationary phase gives

c(r-zl)z(_“'(xﬁe) j

2(0-v} /%)

if it is permissible to divide by a-(x;+¢). However, this result is evidently incompatible with
non-relativistic values of v, (which is equal to v, in the special case under consideration).

In the non-relativistic limit, a-(b+¢) and a-(x;+&) must both be zero if the equation for stationary
phase is satisfied and energy is exactly conserved. This condition specifies one of the two
remaining unknowns, x, and #-f, (or a@-vy/v,). After multiplying through by (1-v,%/c*)[c(t-11)]%
the equation for stationary phase simplifies to
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| ~ 0
i
ab=10

Figure 1. Definitions of Variables in Double-Slit Experiment

0=(1-v?/c*)(c(t-1,)) 2a-(b+e)

Y ) ettt =220 (et ) —a? b2
_{[1 czj(c(t 1)) —2a c(c(t t))—a }Za b

+2{a-[a+v—c°c(t -tl)JHx.(aJrV?oc(t_tl)J}
=(c(t-1)) {[l—gjza.mz(a.%@j(x.%j}
et 22 a2 e 22|

—a*2a-b+2a’x-a

Substituting the value for #-#, that corresponds to exact conservation of energy, we are led to the
following equation
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2 2 2
0=|-—2L | 1-2 2a-b+2(a-v—°](x-v—°j
2a-v,/c c c c
2
H-—2 —Z(a-ﬁjm-b+2(a-v—°Jx-a+2a2(x~v—°)
2a-v,/c c c c

+a*

On dividing through by the known result for[c(z-#,)]%, this becomes

oot et
e teale rea( )

2
Jr614[_2a-v20/cj

a

5 2
O={( —v—gj2a-b—2(a~v—°j(x-v—°j}+(—2a—‘;°/cj {a4+2a2a-b—a2x~a}
c c c a
) 2
:{( —v—gj2a-b—Z(a-ﬁj(x-v—oj}+(—2a—v2°/cJ {+a2x-a}
c c c a

relating the components of @ when energy is conserved exactly. Since we assumed x, is a free
parameter, this condition fixes a-v,, or equivalently vy(z-%,), as a function of x,. In other words, it
defines a curve of endpoints of trajectories for which the phase is stationary and energy is
conserved. Note that when a is nearly perpendicular to v, the resulting value of a-b becomes

a.b—az‘c}_‘z (?'90)"0(1_%)
{(I—Vg]az +2(a-v0/c)2}
c
ve /e .
z—l—ovz T (a-9y)v, (1—1,)
0

where the second result follows if it can be assumed that 2(a-v/c)* is negligible compared to (1-
vo’/c*)a*. Repeated use of this approximation then produces an estimate of @-vy(z-z,)

a-v, (1)~ (a-3,)(b-3,)

2 /2 1oy 2
I I YA X —Xx,
l—vg/c2 2
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The exact result is equivalent to a 4™ order equation for #-f, or equivalently a-vy/v, in terms of a,
(or equivalently x,) where vy/c and the components of x are given parameters.

In general, we should expect a-v, to be negative and extremely small compared to b-v, when
energy is conserved. Furthermore, a-b will also be negative with magnitude on the order of
vo?/c* times x*-x,°. Substituting into the solution for ¢,-,, we find

a-(b—x,)
Vo(ll_to): 7.7
0
2 2
vi/c a.x
~ 02 2V0(t_t0)_ on
1-vy/c a-v,
2 2 2 2
vi/c X vilc R
~r—— 2vo(t—to)+—° 1-——|b-¥,
1-vy/c b, 1-vy/c

which shows that as x, becomes negative enough, the interaction can occur before the particle
reaches the plane of the slits and still conserve energy. In that case, of course, the particle can
only reach the target if it intersects the plane through one of the slits.

2.3 Uniqueness of Exact Energy Conservation

After multiplying through by 1-v,%/c?, the equation for stationary phase can be rewritten

v, 2a-(b-x)

0

¢ (et—1))

a-(b+8)—a-(b—xl)j2

2a-(b+£):( -0

Here we notice that cross products of a-(b+¢) and a-(b-x;) occur on both sides of the equation,
and by collecting these terms on the right-hand side, we are left with

{ _ﬁ}za.(zﬁg)=[a-<b+e)+a-<b—xl)j2
cZ

c(t-t)

We have now transformed the equation for stationary phase into an equivalent one where the
variable factor 1-v,%/c? does not occur (except in the definition of ). Next, note that since
2b—x, =x+v (t—t)

b=x-2
2

the transformed equation can be rewritten such that ¢ is associated with x

(1—§J2a-(x+s—£):(m+a-v—(’}
c 2 c(t-t) c

which gives us a quadratic equation for a-(x+ &)/c(t-t))
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2 2
(x+ . 2 2
acte) ) e Cera)f v [y % o) {a.v_o] H1=2 ] =0
c(t-1) c(t-t) c c c c
The sign choice that gives an appropriately small solution is
a-(x+e) v v v ’ v, \ Ve
=—a-—L+|1-L |c(t-1) 4| —a- L 1——‘; c(t-t,) —(a-—oj —[1-=2L|d’
c(t-t) c c c c c
However, this is equivalent to

a-(b+8)+ a’ :_a_"_o_,_(]_@jc(t_tl)_ (—a-v—°+[l—éjc(t-tl)] _(a.ﬁj _( _@Jaz
c(t-t) 2c(t-t) c c c c c c

and, noting that a-(b+¢) is required to be positive, we see that the equation for stationary phase
actually has no solution when the inequality

a’ v v v v ’ v, \ v -
>—a-—+| 1= le(t-1)—<| —a- >+ 1= |c(t-1,) —(a-—oj -11-=L |a’
2c(t-t)) c c c c c c

holds. Isolating the radical on the right-hand side of the inequality and then squaring gives

sl Al S 9
2c(t-t,) 2c(t-t,) c c c c

By multiplying through by[c(z-1,)]?, we see this is equivalent to

(a.‘;_OJ [c(t—tl)]z +(a-%ja2 [c(l—tl)]Jr%a“ >0

This inequality obviously holds for large |c(#-#,)| but would be false between the zeros of the
quadratic form on the left hand side. However, these two zeros occur at the same value

2
a

c(t_tl):_2a~v /c
0

corresponding to exact energy conservation, which is therefore a necessary condition for the
phase to be stationary with respect to ¢;.
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2.4 Stationary Phase Condition with Transverse Momentum as the
Independent Variable

Exact solutions to the equation for stationary phase are not known yet when energy is not
conserved. We have tried an approximation method based on small departures from energy
conservation, but unfortunately the phase does not necessarily vary rapidly with small departures
from the value of #, at which the phase is then found to be stationary. An alternate approach will
be followed in which the independent variable is changed from ¢, to 4.

Subtracting terms in the phase that are independent of #-¢,, we are left to consider
h¢_Lo(t_to)+po Xy =Dy 'x+(L1 _LO)(t_tl)

The first term can be rewritten

To carry out the desired change of variables, we can solve

hk,, = py,

L

=5

_ mca,
{l—vl2 /02}1/2 c(t-1,)

B mea,

N 1/2
{<l—v§/cz)[c(t—tl)]2 —2a-‘z)[c(t—tl)]—a2}

for c(t-t;) in terms of k. Squaring the equation above leads to a quadratic equation in c(z-;) for
which the possible solutions are

) 1/2

S, 9\I2 av,/c s (a-vo/c)z mca
(l—vo/c) [c(t—tl)]=—+ at+ n x

(l—vg /c? )1/2 B 1-v /¢ Ik,

It’s clear that the upper (+) sign is the one we need if the interaction occurs before the
observation. Our fundamental physical quantity is a phase shift expressible as a product of an
energy and a time interval. However, we may have the option, first recognized by Dirac, of
choosing the minus sign and interpreting the solution moving backwards in time as an

16



antiparticle. For the problem at hand, though, we can use

c(t-1,)]

T hk,
vl

X

1/2
hik,, a-v,/c , (a-v, /C)2 mca, ’
1/2 172 ta + 2 2 +
ax(l—vg/cz) (l—vg/cz) I=v /e Tk,

5 2 1/2
_ Tka-vy /e | me - a2+(a-v0/c) hk,
a, (l—vg /cz) (1_V§ /02)1/2 1-vi /¢* |\ mca,

to evaluate the second term in p,-x. Adding it all up, we find

h¢_L0(l_t0)+p0 "Xy :hklxu‘i'ﬂx'&'i'(Ll _Lo)(t—t1)
a, C C
:7’le1)¢ﬂ+ﬁx-ﬁ+mc(l—vl2 /02)1/2 C(t—tl){l— le (l—vg /cz)l/z}
a, c mc

2
mc

c
= hk _a-x+£x.ﬁ+mcmcax {1— ! (1—v§/c2)”2}

X 1x

mca C

1x X 1x

mca hk v, mca 2| T
=me—=+me—L1 a-x+{x-—°——"(1—v§/02) }—1
Separating out the radical term in the expression above for 7'/c,

hg—L,(t—t,)+ p,- X,

mea, . avylc Tk, {a_x+(x-vo/c)(a-v0/c)}

hk, (1_‘,3 /62)”2 mca, (l—vg /c2)

e to M2y 2yt T Py e
¢ Tk, ' c ax(l—vg/cz)

Finally, including the radical term explicitly,and choosing the + sign to get positive total energy,
the phase can be written

=mc

17



hg—Ly(t—t)+ p,- X,
mca, a-v,/c hk,, (a.x+(x~v0/c)(a-v0/c)J

—mc — +mc =
hk, (1_v§/c2) mca, I-vy/c

1/2
v/ 2 2
+L]/2 x.v_o_n’ZCax (1_‘}3/02)1/2 14+ a2—|—(a v(; c)2 hklx
(1—v§/62) ¢ hk, 1—v2 /¢ mea.

(x—a)-v,/c hk, (a.x+(x-v0/c)(a-v0/c)J

=mc +mc
1/2 2 2
(l—vg/cz) mca l-v;/c

172
v /c) 2
PR — — x.- Lo Mcd, (l—vg/cz)l/2 1+ a2+(a v(; 0)2 Pk, -1
(l—vg/cz) c hk, l1-vy/c mca,

This expression is well behaved at low momentum transfer (%ik,,<<mca,/a), and to second order
in k;, gives

h¢—L0(l‘—t0)+p0 "Xy
(x—a)-v,/c
(l—vg /cz)

T {xv_o}l a2+(a-v0/c)2 hk,, 2
(1_‘,;/02)1/2 c)?2 1-v; /¢ | mea,

(x_a).vo/c+mc (l—voz/cz)a-b+(b~v0/c)(a-vo/c) nk,
(1-2/¢?)" (1-vi/c*)a

mc v | 1 a-v, Tik, ’
+ PPN Rl (e 1+ 5 o\2 .
(l—vo/c ) c)2 (l—vo/c ) a, me

On the other hand, at high momentum transfer (%k;,>>mca,/a), the phase can be approximated
by a power series in mc/hkix

=~ mc

(x-v,/c)(a-v,/c) l[az . (a-v,/c) ]] hk,,

+mc|a-x+ —— -
1-vy/c 2

= mc
mc

X
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h¢—Ly(t—t))+ p,- X,
(x—a)-v,/c hk,, [a.x+(x-v0/c)(a.v0/c)j

=mc +mc
(1_‘,; / 2 )1/2 mca, 1-v; /¢c?

1x x

. 2
N mc _ {xtﬁ_mcax (l—vg/cz)m} hk, . 1+ a-v, _ Jr(mc] 1
(l—vé/cz) ¢ Tk me (l—vg/cz) a Rk,

(x-vo/c)z(a-zvo/c)J Mk me R a-v, hk,,
1-v,/c

zmc[a-er 5 o\ 2 5 o2
mea, (l—vo/c) ¢ (l—vo/c) a me

2

A

a-v,

(l—vg /02)1/2 a

(x—a)-v,/c
(l—vg /02)1/2

+mc —mca_ |1+

X

In this limit, the phase has a component that is linear in k;, with a large coefficient on the order
of x-vy/c.

2.5 Integration over Transverse Momentum Instead of Interaction Time

We will now carry through with the change of variable in the expression for the complex
probability density in the single-quantum exchange approximation

(X, 1x,1,,v,)
tlmax(XO’S) i
. V(k e
~—i(m /270’ )8 (y — dt lx
( )o(y yo)z j 1 (t—tl)z(l—vlz /02)2

5 fimin (%0,5)

from #, to k.. We can do this by differentiating p,,, which is a function of #-#, and at the same
time equal to 7k
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dp,, T dv, T v, dv
= = 2, 2 ’ Vix
d, c dt, c(1-v /c)\ c cdt

_Edle_l_ T a +a-vo/c v,
s dt, (1-v}/c?) [c(t—tl)}z c(t—1) |t—t,

2

1

N S PP I 2 a +a-v0/c v,

cz(lvf/cz)[ : [c(t—tl)]z c(t—tl) t—t,
T, 2, 2 avylc| v,
S W P e e
cz(l—vf/cz)[ e c(t—z‘l)Jt—t1

The combination of factors in the integral that we need therefore becomes

dt, hc>dk,. 1
(i=0) 4= ey ax(l—vf/“z)Tl(uv;/cz—"'”“/cJ
c(t—t,)
B hdk,. c(t-1)
ma. (l—vf /c? )1/2

1/2

(1—\/3/02)1/2 (l—vg/cz) c(t—tl)——a'vo/c

(l—vé /c? )1/2
B hdk, mea_
_max 1-v/c? . 2 212
( 1 ) (1_‘}3 2 )1/2 M ats (a vg/cz _{mcaxJ
l1-vy/c hk,

ndk,,

/ 2 2 1/2
(I—V§/cz)m(l—vlz/cz)max{l+£a2+(a'v02 CZ J( nk, ] }
“ 1-v;/c mea,

Thus after the change of variables, the complex probability density becomes

pl(xat; x()at()avo)
ki e (¥0-5)

" i
=—i(m/221)8(y-y)y. [ dk, hV (ke

172
5 Kiemin(%0-5) 172 av, /c) hik ’
(1-2/¢) <1—vf/c2>max{”(“2+(lV%/} ]( ]}

mea,

This can be useful because the limits of the integration over k;, depend on whether the initial
trajectory passes through the slit in question and are otherwise almost fixed values (for each slit).
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2.5.1 Integration over Transverse Momentum on Blocked Trajectories

Referring to Figure 2, we see that the lower limit of ki, (as a function of x,) corresponds to the
earliest interaction time #,,;, where

x_XOmax — x_xo
v(t-t)+a-v, v(t—t . )+a-v,

Imin

This results in the particle intersecting the plane at the top (Xoma.x) of slit s. Solving for vo(#-f1min)
gives

X—X X, —
_ 0 0Omax
Vot =t i) = Vo(t_to)"' a-v,
x_xOmax x_xOmax
X—X
_ 0 ~ ~
——(vo (t—t0)+a-v0)—a-v0
x_xOmax

| ox=x ~ A
=l ———|xv,—a-vy,
X xOmax
Assuming the initial trajectory does not pass through the slit, a similar relation exists between the
maximum value of #, and the position of the bottom of the slit

................................................................... x

vl(t'tlmax)
/ VI(t'tlmin)

— X[Imax

a-b=0

Figure 2. Definitions of Minimum and Maximum Interaction Times
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X=X,

Vol = linax) = (Vo(t_to)"'a";o)_a";o

X = xOmin

x_xo A A
= — X‘vo—a'vo
x_‘XOmin

It therefore turns out that when a-v, is small compared to x-v, ( we shall see that it is very small),
the x-components of the velocity at the two limits are small and approximately independent of x,,

_ (X—XO)VO
lemax -
X—XO N A
— x-vo—a'vo
x xOmln

XV, — L
X=X,
~ (‘x—xﬂmin)vO
XV,
v (‘x_‘XOmax)vO
lxmin —
A X=X ~
X-p,— Mgy
X=X,
(x_XOmax)VO

~
~

Xy,

These velocities are, however, slightly different for each slit. In the same approximation, the
component of the velocity along the initial direction remains essentially equal to v,. This means
that the momentum transfer is small and nearly constant at

hklxs = mles
x_(XOmin +x0max)/2 _ x_xos
~ my, =——>-mv,

Xy, xX-v,

It will be noticed that the difference in mean momentum for the two slits is small in proportion to
the distance from the axis of symmetry to slit position compared to the target position

Wk ~ I, (l—j

where ki -bar corresponds to scattering on the axis of symmetry in the plane of the slits. The
width of the range of the integration will be
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hé‘klx =m (lemax - lemin )

X, — X,
— Omax X Omin mvo
X vO

w
=——my,
XV,

and its magnitude compared to the mean momentum transfer

ok w

1x o
I~

k

lxs

X = Xo

will also be small if the slit geometry is compressed in order to make the first minimum occur at
a larger value of x where it should be easier to observe.

Of course, the limiting and mean velocities are slightly different for each slit, so the complex
probability density becomes approximately

pl(x)t; x()5t()5v0)“

lavp|<xvy

ki s (X -5) i

. _ e
~=i(l/ 2218 (y-y) YV (k) | dk,

| 5 2 1/2
fmnlo) (l—vg/cz) (1 vi/c? )ax l+[a2+(1a v(;/cz J{ ik, J

-v, /¢ meca,

In a typical case, the mean values of momentum transfer for the two slits are not much different,
so we get the expected form that is proportional to the Fourier transform at the wave vector that
corresponds to scattering in the vicinity of the slits.

To second order in 7k,/mc and a-vy/a,, but excluding terms of second order in both at the same
time, the phase can be written

-lx ) )1/2 {klxé: + O-zklzx}

x—a) v/ h(éj2+h££+ak1xj2

1-v; /¢ )1/2 c o

h¢—L,(t—1,))+p,- x0~mcE
x—a)w /e
"

where we have introduced the definitions
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(l—vg/cz)a-b+(b-v0/c)(a-v0/c)
<l—v§/cz)ax

172

xv,/c h

2(1—\/3 /02)1/2 me

0O =

Note that, to the extent that a-v, is small compared to a,v, the coefficient of the quadratic term
in ki, is approximately independent of x,. The phase is stationary centered at momentum transfer

hkﬁattonary o h é:

~

mc mc 0'2

z—2<l—v§ /Cz)l/zﬁ
0

The linear term in the phase becomes significant when k;, ¢ is of the order of unity or larger. In a
non-relativistic experiment, the quadratic term in the phase is likely to be small on blocked
trajectories, as can be seen by rearranging

2
—\2 x-v,/c ho|l x—Xx,, mv,
(Gk ) - 2(1_‘}30/02)”2% (x.ﬁz hoj

— 2 —
B 1 X —Xos Vo (mv0 XX < ]

1/2 — 2 A 0s
2(1-vy/c?) " X LB X0V

The second factor would be about +r/4 if x corresponds to the first minimum at the target.
Supposing we have chosen x to be about 10 times x-bar, in order to make the first minimum
more easily observable, the first factor will be less than 10 (vy/c)* and would be small if vy/c is
less than about 10"

The phase will vary rapidly at values of momentum transfer where relativistic effects are
significant, that is if 74k, /mcay is not negligible compared to unity. However, the integrand
remains bounded because the Fourier transform of the potential contributes a factor of &, in the
denominator
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V(k,) k. V (k) ha™
5 2 1/2 hk 2 me
2 /o2 2 (a-vo/c) hk,, 1-vi/¢c? (#j
(l—v1 /¢ )ax{l—k[a + e J(mc]ax ( 1 ) me

~ leV(klx)j ha™'

vi. /e ) me

which along with the factor that was already there, combines with the Lorentz factor (1-v,%/c?) to
give v;,*/c* which approaches unity in this limit. Thus, for the blocked trajectories, the complex
probability density becomes approximately

P(x, 15X, 1, V)

Javol<cxwg

dk, e"”

1x

N Kt max (%0.»5)
. V(k XS
z—l(l/Zﬂh2)5(y—y0)z 2 1'2 )3/2
S (1=v5 /), ko)

(irn)

x—a)vy/c
Lo(f*fo)*Po'xOH””( 7) 20 72 . { x-vy/c hky
(I—v5/c ) iy max (X055) ik N S+ —————7]
1 2(1=vgre?) "N e
0
dk, e

Vk e !
- 1x
(1 — Vg /C2 )3/2 a, Ky min (X05)

~—i(1/221°)S(y = yo) >

Note that the contribution from trajectories passing though each slit s are separately proportional
to V(kx-bar), and each shows the minimum that is attributed to destructive interference in
conventional quantum mechanics. In typical cases, the transform of the potential is almost the
same for trajectories passing through the two slits, so their contributions do not necessarily
cancel or “interfere.”

Noting that when the quadratic term is negligible over the restricted range of momentum transfer
on blocked trajectories, we can evaluate the integral over dk

. x-vy/c ik,
Ky max (X0.5) ’klr{’:‘*z(l >, 2)1/2( m; Kt max (%0-5)
—vy/c
dk, e =

i{k“<§+azkllx}

dk, e
Ky emin (%05) Ky emin (%0-5)
Kt max (%0-5)
ik &
dk, e
K1 xmin (X05)

1K max (%0-5) €

Q

ik i (X0-5)&

e —e

i

e sinSk, &E/2
Sk & /2

Q

~ ok, e
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2.5.2 Integration over Transverse Momentum on Unblocked Trajectories

If, on the other hand, the initial trajectory does pass through a slit, the upper limit of the
integration over k;, becomes infinite. Relevant to that limit, the Fourier transform of the
potential

Vik,)= i j dx'V (x")e "

=V,S (k) - Lo Lﬁm dx'e

2r
y L LI2+W
e Ix
=V,6(k,)——> +
o9k 27[[ =ik |, ,

L/2

Vy (. .
=V,0(k, )+ p Oﬁ {sink, (L/2+W)-sink, (L/2)}

Ix

contributes another factor of &, in the denominator. We have assumed that the delta function is
outside the range of the integration over 4, so we have

(X, 15x,8,,v,)

nv, {sink, (L/2+W)-sink, (L/2)}e?

=—i(m/271*)5(y = ,), T dk,,

| 5 ) 1/2
Ky ermin (Xo,5) ma, (1—V§/C2)1/2 (l_vlz /Cz)klx {l+[a2 +(1a‘v02//c)2 ]( hklx j }
—V,/C

mea,

At high momentum transfer, the denominator of the integrand scales like &, *(1-v,*/c*)=(mv,/h)?,
which approaches a constant value because vy, is bounded by c. Also in this limit, the phase is

again approximately linear in k;,, but its coefficient is on the order of —x-vy/c, which is large in
magnitude compared to L/2+W and L/2 in the cases of primary interest. Therefore, the integrand
will oscillate rapidly and contribute little to the complex probability density.

In typical cases, /ikimin/mc 1s on the order of

hklxmin ~ (x — xOmax ) V_O

mc XV, ¢

assuming that a-v, is small compared to x-v, On the other hand, because we are interested in the
first null in the diffraction pattern,
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sink ﬂJrZ —sink Lew _w
sink,, (L/2+W)-sink, (L/2) o2 2 o2 2

k. - k,

X

2cosk,, L;W sink, W

X

k 1x

it follows that &ixmin(L+W)/2 will be of the order of unity, or more specifically n/2. Therefore,
when the relativistic corrections become significant, &, will be many orders of magnitude larger
than kyymin, and the integrand will be many orders of magnitude smaller. Therefore, oscillations
at a small but finite amplitude at high momentum transfer can be ignored in a first approximation
and we can consider

pl(xat;x()atoav())

_ v “ sink, (L/2+W)-sink, (L/2)}e"
z—l(l/Zﬂh2)5(y_yo)z 02 2 J. d lx{ 1 ( ) 1 ( )}
s 7a, (l—vO /c ) Ky (3.5 ki,

x—a)wvy/c
(i/m) Lo(’*’n)Po‘xo*mC( 2) 20 A
(]—vﬂ /c ) v ©

= —i(270)S(y = y,) 25 | %, {sink, (L/2+W)-sink, (L/2)}e i srotii]
s a, (1—v§ /cz) 7 ke (5005

It is useful to extend the lower limit of the integration to 0 and then consider the compensating
integral over the finite limits separately

pl(xat;xoatoavo)

a)v,/c ? cosk 22,2
(‘/h)[Lo(l t0)Po° xo+mc((lv/))z} J. dk, sln k. L /2+ W) —sink, (L / 2)}( . e Jew fix
~—i(1/2707)8(y— yy) D= Yoo b ke
T, (1=vz/e2)™ | et LW . W o)
* 0 - I —x2cosk,, ———sink, —e """
0 1x

k, .

2,2
ko &+0%e |

{smk (L/2+W)—sink, (L/2)} ei{

N |~
é'—nS

x—a)wv,/c
(irn) Lo(tfto)po-onrmu(i)Om
(l—vg/cz)

< i1/ 220)5 ()3 el I {smk (L/24+W)=sink, (L/2)}(sink, &)
s ax(l—vé/cz) 4 0
osky L. ing, B o)
lx

which is possible because the integrand is well behaved at k,=0. The real part of the infinite
integral reproduces the potential evaluated at £ with some loss of high spatial frequencies due to

the quadratic term in the phase. If this loss can be neglected, that is o can be set to zero, we then
have
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L L
-——W<é<——
2 d 2

1% dk T
2)

. L {sink,, (L/2+W)-sink, (L/2)} Qi) 31z .
- S<E<ZHW
2 2

In other words, this part of the result is a non-zero constant when ¢, which has the dimension of
length, is “in” one of the slits. If we set ¢ equal to 0 first, the remaining imaginary part of the
infinite integral is

00 . / / _ 2
iI cj{klx {sink, (L/2+W)=-sink, (L/2)}(sink, &) =iln(£§/§i$iggi/;2}

1x

according to Gradshteyn and Ryzhik [5] 3.741 #1 (page 414). This result has logarithmic
singularities where ¢ coincides with the edges of the slits, but it becomes rapidly smaller as ¢
moves away from the slits. For the time being, it will be assumed that this form gives correct
results after the integration over dx,.

Finally, if the quadratic term in the phase can be neglected in the infinite integrals over dki, it
will be reasonable to neglect it in the integral from 0 to ks as well

p](x’t;xoatoavo)
—£—W <&< _L
_z] 2 2
2 £<(§<£+W
(x—a)vy/c 2 2

“Vg/cz)m]& iln((L/2+W+§)(L/2_§)J2
ax(l—vg/cz)m m |4 \(L/2+W=&)(L/2+&)

(i/h)| Ly (t—1y) po-xo+me

< i1/ 271")S (= )Y

klxmm(XO’S)
- j ki 2cosk L+w sink Ke”“*"’t

1x 1x
0 1x

2.6 Integrating Over the Beam

So far, we have calculated the complex probability density resulting from a single particle
entering with velocity v, along the z-axis on a trajectory passing through some fixed x,. Of
course, we don’t know how to prepare that initial state. Most likely, we would have a distant
point source, and the displacement of the initial trajectory from the z-axis would be unknown.
Because of the translation invariance of the boundary conditions along the y-axis, integrating the
probability density over y, will replace the delta function d(y-yy) by N, which is the density of
particles in the y-direction. Likewise, adding up the contributions in the x-direction entails
multiplying by a factor of N, as well as integrating over dx,. The final result, of course is then
independent of x,.
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2.6.1 Integrating Over the Beam on Blocked Trajectories
For the above reasons, for blocked trajectories, the averaged contribution becomes

£ (xat;to’vo)
(i/n) Q,(t—to)—pu-x0+mcw}

(1= 7¢? )”2

_ X0min s dx i Sin 5k xg / 2
V(klxs)aklx J‘ » Oe KisS Sk 1§ /2
- 1x

x

~—i(1/ 2z )N N, > <
“ Zs: (1—\/§/c2)3/2

The integral over dx, can be put in a more standard form by changing the variable of integration
to &, which gives

2 (l—vg/cz)ax a

X

_J_{(f—xy +2(b"30)(“"30)]1/2dx0

(l—vg/cz) a

X

It also follows from the definition of ¢ that the phase term k;,¢ of the integrand increases
monotonically with x, over the range (-0, x) in which a, is positive if

(b-5)(ai) (xh) i)

1-v; /c? 2(1—v§/cz)
Otherwise, (that is if @-v, <0) & passes through a maximum value &, at
émax = X—(X - xOsp)
= xOsp

at the value of xy=x,, (for stationary phase) given by

X~ Xy, = {—2 M}”z

1-v; /¢

{_(x.ﬁo)z—vg(t—to)z}l/z

1-v; /¢

Figure 3 shows examples of &, plotted vs xy/x at different values of x,,/x assuming the
incoming particle is non-relativistic and xg-bar/x =0.1, xvy/ x-v, = 10° and mvpx/a = 1.2(10)’.

Solving for a-v, we find
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(—a~‘30)2 +2x-ﬁ0(—a~ﬁ0)—(1—v§ /cz)(x—)cosp)2 >0

(l—vg /cz)()c—)c()sp)2
2x-v,

Q

172
. . A )2 2
—a-v0>—x-v0+((x-v0) +(l—v§/cz)(x—xo‘gp) )

Roughly, the minimum value of - a-vy/v, is as small compared to x-xg, as x-xo, 1S to 2x-vy /vy, It
will be noted that exact conservation of energy on the initial trajectory defined by x=x,, can be
in this range. Under the assumption that (a-vy/c)* is negligible compared to (1-v¢*/c*)a?, energy is

conserved if
2 2
<[ % /c
—X —— |x
0. 2 2
Yo l=vy /e

Of course, the initial trajectories that contribute the most to the complex probability density also
correspond to small values of &u=Xosp.

Upon the change of variables, the term that then appears in the denominator, instead of a, upon
integrating over d¢ instead of dx, can be evaluated by solving the definition of £ as a quadratic
equation for a,,

a, =—(§—x)i{(§—x)2 +2MJ

(1—v§/cz)

giving

X

a, (b:5,)(a5,) :i{(é_x)z+2(b-\30)(a-\30)J”2

2 (l—vg/cz)a (l—vé/cz)

For positive values of ay the positive sign is required when a-v,is positive but when a-v, is
negative, the negative sign is needed in the range X <X¢<Xomins SO

dxo _ xOsp _x0 d§
a, |x0sp_x0| 5 (b{; )(a"; ) 1/2
_ 2 0 0
[(5 x) " (l—vg/cz)

and the net result of changing the variable of integration is
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Figure 3 Non-relativistic double slit experiment with
xos-bar/x =0.1, xvo/ x -vo = 107 and mvex/h = 1.2(10)’.
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(i/R)| Ly (t—ty)—po-xo+mc

(x—a)vy/c ]

(1—v§ /e? )”2

~—i(1/2z7*)N N, > & - v (k,,)k,,
S (1 —vg / cz)
) =%, de it [sin Sk &/ 2}
Zo [Kosp _XO‘ {(f—x)z +2(b-‘30)(a-130)J”2 0k, /2
(1 — vé /c? )

If xo, 1s in the range of the integration the integral over d¢, it will be the maximum value
reached by £ and the integral can be considered in two parts
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E(~omins) Xogp = Xo d& ik (sin Ok, &/ 2]
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- |x0~v7 N xol {(f _ x)2 + 2(b-\30)(a-130)} Ohier2

(1 — vé / cz)
- de oin (M}r dé E (sin Sk, &/ 2}
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If, in addition, k-bar is much larger than dk;, (making the first minimum at the target more
easily observable) the phase term k,-bar ¢ will begin to oscillate rapidly before ok, &/2
becomes significantly different from dk,xos/2. In such cases, the integral over d¢ becomes
approximately

é(j) R dé& nmmg[sinékle/zj
= [ =) (e o2 B @) U Ske2
x4 22 )@Y )
(1—v§/cz)
~ Sin5k1xx0:p/2 XOJip dé:ei/;mé: 4 pr dé:ei/;mé:
SkiXoy 12| 2, s (bR (ap)) o (B-5,)(a-5,))
_ PR IAG(Y) T (E-x) 42 S
[(5 X) (l—vg/cz) (6=x)+ (l—vg/cz)

These integrals can be put in more standard forms by changing the integration variable to

(g 200 ey (oY

(1—v§/cz)
=|x— X, ’ (é_—x)zz—l
el
- (x ~Xogp )2 {v2 _1}

and choosing the positive range for the variable v results in
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T TAETY
(1 -vi/c’ )
. Xosp ik & Yosp ik &
- sn;]fkgfz/z j dée - I dée _
1x —0 (é:_x)2+2(b.ﬁ0)(a-ﬁ0) f(xmmns) (é:_x)z_'_z(b-ﬁo)(a-ﬁo)
(l—vg/cz) (l—vé/cz)
~ sin ok, x,,, /2 o T d Ve_”;""(x_x[””)v N (xg(xomi"j‘))/(xm”) d ve_ﬂa“(xw”’)v
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é‘kl,vchsp /2 1 V _1 v (xff(xt)mms))/(xfx%p) (V2 - 1)1/2

The first integral is related to a Hankel function, see Gradshteyn and Rhzhic [5] (page 956 #6),
SO we can write

‘f(xo-f\in.\') x().yp _xO dé ik [Sln 6k1x§/2J
/2%
%), = | 2 (be%,)(a ) Ok, & /2
A (Pl
0

(=]

sin ok, x,,, /2 , _e(x ) -
St 22t Yo (5 () 2L o) |

X = xOsp
where the second term in the curly brackets represents an incomplete Hankel function defined by

setting the lower limit of the integration to some positive real value that is greater than 1. The
contribution to the complex probability density from the blocked trajectories in this case is

(irn)

x—a)wv,/c
Ly (1=ty )= po-Xo+mc ( 2) 20 72
(l—vo /e )

(1 —vy /c? )3/2

in ok /2 — — . —
ABS (xosp) _ sin xolx)/c();p (12 eﬂxl ){21_1(()2) (klxs (X _ XOW )) _ H(()Z) (x é(x()mms ) , kle (_X - x()sp )j}
sp

X = Xog,

py (%, 851,v, ) = =i(1/ 228 )N N, > % Ays (X0, )V (R,

xOsp < xOmins

where the coefficient Ag, has been introduced for comparison with the effects of the unblocked
trajectories. When, on the other hand, xos, is greater than x;,,,s we will have
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é(xofi.,.\) Xy = %o dé Rk [sin ok, &/ 2)

~ A A /2% 2
- ‘xOSP xo‘ (§_X)2 +2M ohe!
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{(5 x) (l—vg/cz)

the upper limit of the integration is reached before the phase term & -bar ¢ becomes stationary
with respect to x,. However, it passes through zero before the upper limit is reached, so the sine
of 0k /2 divided by 0k, &/2 is stationary at 2 points straddling the origin and varies rather
slowly between them. Then because the phase term k;-bar £ oscillates increasingly rapidly with
Xo as it recedes from the origin,

f“T“)xmp—xo dé ﬂn&k”§/2j

ki
/2%
. |x0sp—xo|[(g_x)zﬂ(b.oo)(a-ﬁo)] ( o l2

(1 vy /e )
~ Sin 5k1x§(‘x0minx ) / 2 é(xomim) dé:
~ 1/2
é‘klxg(x()mins)/z —o0 ((§_X)2+2(b‘;0)(a‘;o)J

~ Sin 5k1x§ (x0minx ) / 2 i dV il‘jlx\'(xf(xfx()m ))
T 5k (Xomns ) 2 NG
1x Omins (x"f(XOmins))/(x’xO:p) (V 1)

i . 2 . — . —
~ Sin 5klx§ (x0mms ) / (1 ezklmx ) H(()2) (x § (x0mms ) , klxs (x _ xosp )}

5k1x§ (xOmins ) / 2 lz

Of course, &(Xomins) 1 less than x,, and reaches a maximum at x,, as long as the latter is less than
x. The coefficient in this case is therefore

= S 5k1X§ (‘XOmins ) / 2 (1 eil;mx J H(EZ) (x _xé:_(iomms ) 4 l;lxs (X - xOSP )]
Osp

» g(xOmins)/ 2 12

2.6.2 Integrating Over the Beam on Unblocked Trajectories

For unblocked trajectories, assuming the quadratic term in the phase can be neglected, we have
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L
x 5 W<é<——
2|L <&< £+ w
) (x—a)-vo/c 2 2
(i/m) Lo(t—to)Po'xo“""C(l Y 2)1/2 2
—vi/c X0maxs . L/2+W + L/2—
~—i(1/ 22h")N N, "< 7 L | & Lln{( o 5)}
S T Y e I P\ ER s R
K min (Y05
_ J‘ %2 cOS klx MSIH k]X %eiklré
0 1x

The first two terms will not contribute unless & which is a function of x,, takes a value near one
of the two ranges defining the slits for values of x, also in one of the ranges. Since x, is
(probably chosen to be) small compared to x in such ranges, we can use a linear approximation
for &

L (B)(ahy)
ét_[))C—F(l—\/é/cz)czx

~ £+M (1+x,/x)=¢,(1+x,/ x)

2 (1—v02/02)x

Assuming x is about an order of magnitude larger than x, in the relevant ranges, we see that &
will not vary much during the integration over dx,, but in order to be in one of the allowed
ranges at all, it must be that a-v, satisfies

a-vo :—(I—VZ/CZ)LZ?O
P 2bey,

X

for some &, such that &(1+x,/x) and x, each fall within the ranges defining one of the two slits.
Thus for the terms under consideration to actually contribute, we see that a-vy/v, must be
negative and about as small compared to x as x is compared to 2b-vy/v,. If that is the case, we
will have

L L
XOT“%Z —E—W<§<—E N . —5—W<§0<——
s O 2 £<§<£+W 23(1-%, /x) £<§0<£+W
2 2 2 2

provided &(1+x/x) remains within one of the slits while x, varies over the range (Xomins, Xomaxs).
Otherwise, the result will be smaller going to zero if &(1+xy/x) remains outside both slits over
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the full range.
The second term contributes two integrals of the form

2 :g{(a+(bx+c))ln‘a+(bx+c)‘—(a+(bx+c)) }

Idxln(az —(bx+c)2) b —(a—(bx+c))ln’a—(bx+c)’+(a—(bx+c))

which shows that the logarithmic singularities of the integrand will be canceled. Using b={y/x,
we can write

1+(§+%)/[L;Wj 1n1+[§+%)/(L;W ‘_(1+(§+%j/(L;WD
) [ D Do Dy
oo A2 el 2) (2 oo 22
LA (5 (555 (5)

This still peaks near values of ¢ corresponding to the edges of the slits as can be seen in Figure 4,
which assumes the slits have equal line and space geometry and (L+W)/2 equals 0.1x. Of course,
these peaks would be smoothed down if the quadratic term in the phase had not been set to zero.
Moreover, the contributions from the upper and lower slits approximately cancel except near
their edges.

For small values of &, it is useful to rewrite the third term in the form

X0 max s

d K min (X0-5) dk L ) _ X0 max s K min (X0-5)
o —2cosk,, +—Wsm k. Ze”‘“é ~ J- dx, w I dk, cosk,
k 2 2 a 0

X0min s x Y 1x X0min s x

L+W 4 -
Es—

which is appropriate in the limit that ki, #7/2 is small compared to unity. Actually, since we
are interested in the first minimum at the target, ks (L+W)/2 will be about /2. Then, even in
the case that the width of the slits is equal to the space between them, kjymins#/2 would be only
n/4, where the sine is still approximately linear in its argument.

Neglecting the small dependence of ks ON Xy, One can interchange the order of the integrations
to get
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L+ Wje,.kuéo(wm,x) sink, & (W /2x)
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Even if || is as large as x, ki,&o W/2x will be small in the current assumptions about ki, and W,
so the integration over k;, can be approximated by

X0 max s K1 min (xn ,S)
d L+Ww i +Xo/x
‘[ ﬁ J- dkle(COS klx +_jeklx§0(1 0/x)
a ° 2

X0 min s *

W2 K1 min L+W i .
N J. dklx (COS klx ]e K80 (14 %0, /x)
x(l - xOS / x) 0 2

Kixmins

iky {L_;WJﬂfo(Hfo.» /X)} iky x{*L;WJrfo(l*fos /x)}
e

w? e +
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0

. L+W _ . L+Ww _
) lkl,\|nin.y{+T+§l)(]+x0x/x)} lklxmin.v{*%*éo(nxo.y/x)}
w e -1 e -1

z. — +
i2x(1-%, /x) L;W+§o(l+f(,‘y/x) Rl

+& (1+ %,/ x)

This form is well behaved at small values of &, Also, it is almost the same for both slits, since
Xos-bar is always divided by x. Even when ¢ is at the center of one of the slits =(Z+/)/2, and
ki (L+W)/2=n/2, we will have

..... Kt xmin (’%w")
dxo J. dk]xW Ccos klx L+ ezklx§0(1+x0/x) = —x(l _V; / x) l: 1xmin % +i 7 Z/Wj‘
Os

At these particular values of &, we find the real and imaginary parts of the third term partially
cancel the first and second terms, respectively.

When |E+(L+W)/2| are both large compared to W/2, it is useful to rewrite the third term in the
form
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Then if & falls outside both slits
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the integrals combine in pairs to give
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the variation in the denominator becomes negligible over the ranges of the integrations giving
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Neglecting also the small variation of kymin(xo,S) on x, and collecting terms gives
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We have seen that the first two terms in the complex probability due to an unblocked trajectory
are only significant when ¢ is in the vicinity of the slits. Thus, as the magnitude of &, increases
so that |&+=(L+W)/2| both become large compared to /2, the contribution from unblocked

trajectories becomes
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Except for the exponential term, the integrands are almost constant over the small range of
values of x, in both cases. The average value of £ in a particular slit s is

S P PO RN [N

w.n (1—v0 /cz)ax
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Using this notation, the approximate result can finally be written
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For comparison of the two terms it is useful to isolate the combination of factors and define the
complement of the Fourier transform by

VC (klxmins) = &(Sin klxmins L Al Wj Sin klxminsW / 2
T

2 k /2

1xmins

N (cos Ky omins (L1 24 W )—cosk, .. (L/ 2))

klxminxﬂ’- A »
which has the same amplitude as the Fourier transform of the potential but, being constructed of
cosine terms instead of sine terms, is substantially out of phase with it. Then introducing 4y and
By, as the coefficients of the Fourier transform and its complement in the contributions from the

unblocked trajectories, we can write

Py (X551, ¥,)

—a)v,/c
(i17)| Lo (t—ty) po-xo+me (x=a)v i
(l—v%/cz)

~~i(l/ 220 )N N, 3= { A (E)V (Kismins ) * B (E)V (Kymins )}
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The ratio of the two coefficients

B, (L +_W)

US:l

AUS 2 é:

is small (in absolute magnitude) to the extent that |£] is large in comparison with the distance (L
+W)/2 from the axis of symmetry to the center positions of the slits.

By the way, ¢ is related to xo, by
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and we can see that if x-xo,>>3"2x then & will be less than -x. This means that if x and -x, are
both large compared to {L+W)/2, & will be also.

2.7 Probability Density of Recorded Measurements

When &, is negative and large in magnitude compared to (L+W)/2, the complex probability
contributions from the blocked and unblocked trajectories are both proportional to the Fourier
transform of the potential with coefficients

Ay (30,) = T2 5 ot (5,

Xogp /2 i2
for the blocked trajectories and
4 - jirminss /45 sink,, i SV 1 2x
v X 1_)?0“j T2 L+W ? klxminxé:OW /2x
X $ 2

for the unblocked trajectories. It will be shown that the contributions of the blocked trajectories
dominate when x is chosen to be at the first minimum of the diffraction pattern, that is k(L
+W)/2 is equal to ©/2, and x also happens to be large compared to (L+W)/2 which in turn is large
compared to .

Considering the blocked trajectories first, it is noted that the argument of the Hankel function is
rather large, so we can use the approximation (Gradshteyn and Rhzhic [5] see 8.451 #4 on Page
962)

1/2
2 —il;m(x—xolw)—iﬁ/4

A (e (v=0))=| 0
XS P

Therefore, the coefficients for the blocked trajectories become
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where we have used

A
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to define k,-bar. Neglecting the small slit dependence of the amplitudes, the effect of the phase
shift between them becomes

sin ok

1/2
ZABS (’xOs ) _ 1xXosp /2 K 2 _ 2 ef/?,xxm,,fm/4 (eil?lx(LJrW)xom/Zx + e*ilax(LJrW)xom/Zx)
v /2 i2
. Xogp T

klxs (x - xOsp

1/2
s sin 5klxx05p /2 ( T j2( _ 2 )J eik]‘\xm,,—iﬂ/‘lz(cos l:lx (L + W)XOSp ]
T

- 5k1x‘x0sp /2 1_2 klxs (‘x - xOsp 2.X

This envelope of this expression decreases slowly as xo, retreats from -x to larger negative
values as long as 0k1,xs,/2 remains small

Sk X, /2| ko, %|x03p /2

~(k L+WJ W[ x| _
™2 JLaw| x|

z
2

In particular, if x is chosen to be the first null in the diffraction pattern, then this condition is
equivalent to

'xO sp

X

L+W
w

<

Thus the range of (negative) values of xo, in which the sum of the coefficients for the blocked
trajectories can be significant is large (compared to x) to the extent W/(L+W) is small. Within
this range, the sum of the coefficients for the blocked trajectories becomes

172
z Ay, (xo_vp) ~ —idk,, (27”)} oo =i/ (2 cos ];1]( %]

klxs (X - xOsp X
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Turning now to the blocked trajectories, there is also a phase shift between the contributions
from the two slits. Actually, both terms in the phase vary and

lglxminsg_s ~ lglx (1 _Mj g_x

X

:Elxgo(l_'x’bmaxs)(l_i_hj
X X
_ . Z0s
2
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160 (( 2x) 2x x ( X j ]

Averaging the small difference in the magnitudes of the two terms, the net contribution from the
two slits due to unblocked trajectories is given (to lowest order in W/x) is given by

~ ink iﬂf«fo[l—l— = 2] _
ZAUV <L Wé, : snlklxg”OW/Zx . 2x ( 2x j 2COSk1X§OKL+W
— X 5 L+W k, EW /2x 2x 2x
é:o - )

The envelope of this expression decreases like (&) as & retreats from -x towards more negative
values as long as k-bar &W/2x remains small

Egowux:(a ﬂjl‘fo

2 JL+W x

From its definition, we can see that &

X
2 2x
2
=y Yosp
=X, —
Y 2x

is approximately equal to x4, When |xo,| is small compared to x. As long as |&,| is large compared
to (L+W)/2, but less than about (1+L/W)x, the net contribution from the two slits due to the
unblocked trajectories will be approximately
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At larger values of |xy,| on the order of x, &, begins to grow quadratically. This means that as xos,
retreats from -x towards larger negative values, the contribution from the unblocked trajectories
will cut off before that of the blocked trajectories does. For example, when x-x,s, 1s larger than
3'2x, & will be less than -x. The envelope of the blocked trajectories begins to decrease like (&)™
~ (Xosp)* When &/x < -(L+W)/W which occurs when

1/2
ﬂ<1—(1+2L+Wj
b w

If (L+W)/W is large, the range in xOsp in which the blocked trajectory contributions remain
significant after the unblocked trajectories have cut off

(e oot )

Even before unblocked trajectories cut off, for example where &=-x the peak values of their
amplitude

A el (Rl
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is small compared to that of the blocked trajectories. That is, at the first minimum of the Fourier
transform of the potential 2k, -bar(L+W)/2 is about n*. Also, still assuming x is 10 times (L
+W)/2, the ratio of the amplitudes will be on the order of 10~ times a function of the reduced
variable &y/x (or xo/x). For example, when x-x,, is 3"%x giving & = -x, the function is about 3'*
and the blocked trajectories are still dominant.
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By hypothesis b), the differential probability of recording the particle at x in time df when x-xs,
is larger than 3"%x is therefore approximately

‘pl(x,t;to,vo)‘2 dt
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Next consider the change of variable
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which then leads to
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The change of integration variable from df to dx,, cancels the factor of x-xo,, leaving a relatively
simple function at the lower limit of the integration. The integrand has a zero at dk;,xos/2 = -1
and remains small for xo, /x less than about -2(L+W)/W. It also has zeros where x,,/x is a
negative odd integer assuming that the first null in the diffraction pattern is at x. Strictly
speaking, the factor of #-f, is not constant, but solving for it in terms of xo,

e e

2 5 5 2 5 1/2
:(|x| +(1—v0 /c )(x—xOSp) —-X )

we see that the integrand will become very small before v(#-7,) becomes significantly different
from |x|. It's appearance in the denominator is appropriate for the 2-dimensional experiment
being considered.

1/2

When x,, approaches zero from negative values, k;.(x-xos,) remains large, so the complex
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probability contribution from the blocked trajectories approaches a value that has the same
functional form on x, but is divided by 2. However, we find &

2
xO sp

2x

50 = 'x()sp -

converges to X,y This means that the component of the complex probability density due to the
unblocked trajectories that is in phase with the Fourier transform of the potential decreases
linearly while the out-of-phase component remains substantially constant.

Once x,, turns positive, though, the contribution from the blocked trajectories will decrease as
the lower limit of the incomplete Hankel function increases from unity towards larger values
where the integrand is smaller in magnitude. The unbound trajectories may then dominate as xog,
approaches x, which is the upper limit of the range over which the phase is stationary at some
value of ki, & approaches x/2. At this upper limit, the contribution from the unblocked
trajectories will again be essentially proportional to the Fourier transform assuming x/2 is large
compared to (L+W)/2. However, the factor of x-x,, resulting from changing the integration
variable from ¢ to xo,, will then cancel this remaining contribution from the unblocked
trajectories.

On the other hand, the range of arrival times at which the contributions from the blocked
trajectories can be significant corresponds roughly to

-7 <0k, x,, /20

Since dky is roughly W/x smaller than k, this means the lower limit of x,, is on the order of
-2mx/k W or

2(L+W)x
xospz—%

when the first minimum is at x. Therefore x-x,,, can be large compared to x if W is small
compared to (L+W)/2 and still as large as 5x for W equal to L. Thus it emerges that the blocked
trajectories can be significant relatively far from the slits, compared to the observation point, and
therefore contribute much more than the unblocked trajectories.

We can now estimate the change in the energy of a particle on a trajectory defined by x, arriving
at the target position at time ¢ given in terms of xoq,
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because the component of a along the original direction of motion is related to x5, by
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and is therefore bounded by
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Therefore the non-conservation of energy for a particle entering with some offset x, becomes
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The peak contribution at this time comes from particles entering with offset xo=xs,. Also, since
the component of a along the original direction is small, we can neglect the small difference
between a and a,=x-xos,

(x B xOsp )VO 1 hklx j
T -T =~hk <—
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Since %k, /m and xv,/b are both approximately equal to vy, the two terms cancel at the upper
limit corresponding to x(,,~0 giving us (roughly)

ik, vy~ [2L+WJSTI—TOSO
2b-v, /4

The maximum energy loss is therefore about 2(L+W)/W times the kinetic energy that the particle
would have after the interaction due to its motion in the x-direction alone. To appreciate how
small that is, note that at the first minimum it can be expressed in terms of the slit geometry and
particle mass and 7#*
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The fractional energy loss in the non-relativistic limit can also be expressed as

(nk2(L+w)Y 1 AT
my, 2W(L+W)) mvy /2

provided the scattering angle x/|x| remains small. Of course, the assumption that the scattering
angle is small is equivalent to assuming that the de Broglie wavelength is small compared to L
+W. If x corresponds to the first side peak in the diffraction pattern, that is ki (L+W)=2n, the
range of the fractional energy loss should be in the range

2
22, < AzT <0
W(L+W) mv; /2

which will be largest with light particles at low energy.

The maximum change in energy may be just observable with electrons at low energy. High-
resolution electron energy loss (HREEL) spectroscopy [6] is typically carried out with incident
energies on the order of 10 electron volts corresponding to de Broglie wavelengths on the order
of several Angstroms. Fractional energy shifts on the order of 10~ can be resolved in HREEL.
If we assume that the width of the slits and the un-patterned line between them are equal, then a
fractional energy shift of 10~ would result when the slit and line widths are about 10'° times the
de Broglie wavelength, or on the order of 10 nm. Patterning such fine features in a free-standing
film may be slightly beyond the state of the art. However, 100-nm gratings have already been
fabricated and used to study the diffraction of electrons with energies down to 125 electron volts

[7].
3. Interpretation

The traditional theory of quantum mechanics gives diffraction by treating material particles as
waves, leaving one with a conundrum when waves arriving along disjoint trajectories interfere at
the detector. In our approach, we also add such contributions, but the diffraction pattern is also
more physically related to the Fourier transform of the potential. Even though this potential may
actually be zero everywhere along a path through one of the openings in the double-slit

experiment, its Fourier components are not necessarily zero. According to our proposed
hypothesis, the Fourier components are each independently responsible for interactions.

The interference pattern changes radically when one of the slits is closed, of course, but we can
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say that this is because the Fourier spectrum of the potential changes. Thus we are not as
tempted to say that the interference pattern is caused by our lack of knowledge about the
trajectory of the particle. It seems reasonable to assert that the standard method of solving the
double-slit experiment obscures interactions with the atoms in the barrier, which Feynman
probably would have insisted are ultimately in play. On this point, we note that the sum of the
Fourier transforms of a collection of sources such as atoms, must equal the Fourier transform of
the net potential created by that collection.

Even from our point of view, however, the form of the interference pattern can be modified by
averaging non-positive quantities over all possible trajectories the particle might have taken. We
would argue that this remaining violation of intuition may be no more (nor less) mysterious than
the change of sign in the wave function of an electron upon rotating the coordinate system by
360 degrees, which is a mathematical property of half-integer spin representations of the group
of rotations in three dimensions. In our case, the addition of non-positive probabilities results
primarily from a simple implementation of our quantum hypothesis. To our continual surprise,
nature seems to make use of all mathematical degrees of freedom. Consequently, we must
prepare to be flexible when researching relationships between memories of past events.

The use of physical paths generated by discrete momentum increments entails many paths along
which the particle's energy is not conserved. We have explored the significance of this fact in
the double-slit experiment. In the single-quantum-transfer approximation, it turns out that
energy is exactly conserved when the phase is stationary. However, the phase doesn't vary as
rapidly (with position of the quantum transfer on the initial trajectory) as might be expected.
Also, we find that the contributions from the trajectories on which the particle scatters before
reaching the plane of the slits are generally more significant. The phase is not necessarily
stationary on such trajectories, but the transfer is geometrically restricted to small ranges from
which the target position is visible through one of the slits. In non-relativistic cases, the
maximum change in energy is a loss that is proportional to the square of Planck's constant when
expressed in terms of the slit geometry and the mass of the particle. It is largest for light
particles at low energy and might be observable with electrons at around 10 eV. Of course, the
predicted change might be reduced when multiple quantum transfers are included. It could also
be reduced by a more realistic treatment of the aperture plane, which we have represented by a
static potential energy function.
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